Abstract. Let M be a reductive monoid with unit group G. Let denote the idempotent cross-section of the G × G-orbits on M. If W is the Weyl group of G and e, f ∈ with e ≤ f , we introduce a projection map from WeW to WfW. We use these projection maps to obtain a new description of the Bruhat-Chevalley order on the Renner monoid of M. For the canonical compactification X of a semisimple group G 0 with Borel subgroup B 0 of G 0 , we show that the poset of B 0 × B 0 -orbits of X (with respect to Zariski closure inclusion) is Eulerian.
Introduction
Reductive monoids M are Zariski closures of reductive groups G. By this we mean that if G is a closed subgroup of G L n (k), then the closure M of G in M n (k) is a reductive monoid. The Bruhat-Chevalley order in G has a natural extension to reductive monoids. The Renner monoid R takes the place of the Weyl group W . Associated with the Bruhat decomposition of a G × G-orbit of M is a W × W -orbit of R that is a graded poset and has been explicitly determined by the author [7] . The ordering on R is more removed from the ordering on W and hence harder to understand. It is the detailed study of the ordering on R that is the purpose of this paper.
The W × W -orbits are indexed by the cross-section lattice of M. For two W × W -orbits WeW, WfW with e ≤ f , we define an upward projection map p : WeW → WfW. These are order-preserving maps with some pleasing properties. If σ ∈ WeW, θ ∈ WfW, then we show that σ ≤ θ in R if and only if p(σ ) ≤ θ . Combining with the description of the order on the W × W -orbits in [7] , we obtain a new description of the order on R which enables us to obtain several consequences. In particular we show that any length 2 interval in R is either a chain or a diamond. This leads to a conjecture on the Möbius function on R.
We go on to study canonical reductive monoids associated with the canonical compactification of semisimple groups, cf. [13] . We prove that for a canonical monoid, the poset R * = R\{0} is Eulerian. This extends a classical result of Verma [18] that W is Eulerian and a recent result of the author [7] that the W × W -orbits in R * are Eulerian.
Preliminaries
Let P be a finite partially ordered set with a maximum and minimum element such that all maximal chains have the same length. Then P admits a rank function with the minimal element having rank zero. If X ⊆ P, we will say that X is balanced if the number of even rank elements of X is equal to the number of odd rank elements of X . P is said to be Eulerian if for α, β ∈ P with α < β, the interval [α, β] is balanced. Eulerian posets were first defined by Stanley [16] and have been extensively studied. The Dehn-Somerville equations are valid in these posets and as stated in [17; Section 3.14], Eulerian posets enjoy remarkable duality properties. Let k be an algebraically closed field and let G be a reductive group defined over k. Let T be a maximal torus contained in a Borel subgroup B of G. Let W = N G (T )/T denote the Weyl group of G and let S denote the generating set of simple reflections of W . Then G has the Bruhat decomposition:
As in [1] , the Bruhat-Chevalley order on W is defined as:
As is well known, this is equivalent x being a subword of a reduced expression y = α 1 . . . α m , α 1 , . . . , α m ∈ S. The length l(y) is defined to be m. If w 0 is the longest element of W , then B − = w 0 Bw 0 is the Borel subgroup of G opposite to B relative to T . If x 1 , . . . , x n ∈ W , then let
For x, y ∈ W , let x • y, x y ∈ W be defined as:
Proof: (i) follows the Tits axioms and induction on length.
(ii) then follows from (i) and (3). (iii) and (iv) follow from (i) and (ii) by noting that x y = w 0 ((w 0 x) • y).
(iv) Let x y = s. Then by (iv) x = sy −1 1 for some y 1 ≤ y. Then by (i), (ii),
Proof: By Lemma 1.1,
is a balanced subset of W. 
Proof
We prove by induction on l(
2 . Then by induction hypothesis,
If I ⊆ S, then as usual let W I denote the parabolic subgroup of W generated by I and let
denote the set of minimal length left coset representatives of W I .
Let M be a reductive monoid having G as its unit group. Thus M is the Zariski closure of G in some M n (k), where M n (k) is the monoid of all n × n matrices over k. We refer to [6, 14] for details. The idempotent set E(T ) ofT is a finite lattice isomorphic to the face lattice of a rational polytope. As in [5] , let
Then is a cross-section of the G × G-orbits of M such that for all e, f ∈ ,
Here as usual, e ≤ f means e f = e = f e. is called the cross-section lattice of M. All maximal chains in have the same length. We note that for M n (k),
is the usual set of idempotent representatives of matrices of different ranks. By [10] , the Bruhat decomposition (1) is extended to M as
where R = N G (T )/T is the Renner monoid of M. W is the unit group of R and
The Bruhat-Chevalley order (2) on W extends to R as:
Then each WeW is an interval in R and by [10] all maximal chains in R have the same length. R is an inverse semigroup. This means that the map,
Unlike in W , this involution is not order preserving. However by [11] , the map
is an order preserving involution of R. Let e ∈ . Then as in [8] , consider (in R),
and
Then
are parabolic subgroups of W with
Moreover W * (e) is the Weyl group of the unit group of eMe. See [6; Chapter 10] for details.
The order on R is more subtle. Let σ ∈ R. Then
This is called the standard form of σ . Let σ = xey, θ = s f t ∈ R in standard form. Then by [4] ,
Let σ = xey be in standard form. Let
. Then x 1 ey 1 = x 2 ey 2 in standard form. Now
Since uzu
If e, f ∈ with e ≤ f , then e ∈ f T and so we see directly from (6) that
The length function on R is defined as follows. Let σ = xey in standard form. Then
where l(e) is the length of the longest element in D(e). We refer to [4, 7, 11, 14] for further details. In particular,
where the rank function is determined from the grading of WeW.
Projections
We wish to better understand the order ≤ on R given by (6), (16) . For e ∈ , let z e denote the longest element in W * (e). Let e, f ∈ with e ≤ f . Let σ = xey ∈ WeW in standard form. Let z e y = uy 1 
We define the projection of σ in W fW as:
Hence (21) is in standard form. Now z f z e y = u y 1 with u = z f u ∈ W ( f ) and by the above, v u = v u. Hence we also have
The following result in conjunction with (14) yields a new description of the order on R. 
Proof:
Then by (17) , (18),
Assume conversely that p e, f is onto. Let w be the longest element in W * ( f ) and let θ = w f ∈ W f W. There exists σ = xey in standard form such that p e, f (σ ) = θ . By (21), 
Let z e = vy 1 , where
Thus p e, f is 1 − 1.
Assume conversely that p e, f is 1 − 1. Let v e , v f denote the longest elements of W (e) and W ( f ) respectively. Thus v e w 0 and v f w 0 are respectively the longest elements of D(e) −1 and
Since p e, f is 1 − 1, ev e w 0 = v −1 ev e w 0 . So v ∈ W * (e). So z = v −1 z e ∈ W * (e) and by (26),
. This completes the proof.
Then W is the group of permutation matrices and R is the monoid of partial permutation matrices (rook monoid). Let 
n r Table 1 . Projection from rank 1 to rank 2. 
Then θ covers σ if and only if f covers e in , p e, f (σ ) = θ and l(xu) = l(x) − l(u).
Proof: If θ covers σ , then by Theorem 2.1, f covers e in and θ = p e, f (σ ). So assume that f covers e in and θ = p e, f (σ ). The maximum elements of WeW and WfW are respectively w 0 z e e and w 0 z f f . Since f covers e, we see by (9) and [6; Chapter 10] that
So by (22), 
By (22), θ = (x u) f y 1 . Also
By (19), (20) 
Case 3. f covers e in and θ = p e, f (σ ). Let σ = xey in standard form. If π ∈ (σ, θ), then π ∈ WeW and π covers σ . So by (14) , either
Since θ covers π 1 and π 2 , we see by Corollary 2.5 that
in standard form. It follows that x 1 u = x 2 u. Hence x 1 = x 2 and π 1 = π 2 . Dually by (7), Let π 1 , π 2 ∈ (σ, θ), π 1 = π 2 , π 1 = θ 1 , π 2 = θ 1 . Then π 1 , π 2 ∈ WeW and θ covers π 1 , π 2 . So p e, f (π 1 ) = θ = p e, f (π 2 ). Since π 1 , π 2 cover σ , we see by (14) that for i = 1, 2, π i R = σ R, or Rσ = Rπ i . Since π 1 = π 2 , we can assume by (33) that Rπ 1 = Rσ, Rπ 2 = Rσ . So π 1 = x ey, π 2 = xey in standard form, x covers x and y covers y . Since θ covers π 1 , π 2 ,
Then θ 1 = x 1 f y 1 , θ = x 1 f y 1 in standard form with
and by Corollary 2.5,
Now x 
Canonical monoids
In this section we will assume that M is a canonical monoid. This means that * = \{0} has a least element e 0 with λ(e 0 ) = ∅. Then as in Example 2. [2] . The connection between reductive monoids and embeddings of homogenous spaces is studied in [12] . See also [19] . Basically the canonical compactification is obtained as the projective variety X = (M\{0})/ center. Then the B × B-orbits of X are indexed by R * = R\{0}. See [13] . The Bruhat-Chevalley order on R * corresponds to the Zariski closure inclusion of B × B-orbits of X , the geometric properties of which have been studied in [15] .
Let M be a canonical monoid. For I ⊆ S, let R I = W e I W = W e I D
−1
I . Then by (5), (34), 
Thus A y is a non-trivial interval in R ∅ unless x 0 = s ᭺ y −1 . So A y is balanced unless 
working in e I Re I , we see by Lemma 3 
By induction hypothesis,
By ( 
Theorem 3.4 R
* is an Eulerian poset. 
Let
For y ∈ D M 3 (k) is not a canonical monoid. In this case, Example 2.2 shows that R * is not Eulerian. The monoids in Example 2.3 are canonical. With n = 3, R * will be an Eulerian poset with 78 elements.
